Abstract. Bifurcations to quasi-periodic toil in a two parameter family of vector fields are studied. At criticality, the vector field has an equilibrium point with a zero eigenvalue and a pair of complex conjugate eigenvalues. This situation has been studied by Langford, Iooss, Holmes and Guckenheimer. Here we provide explicitly computed conditions under which the stability of the secondary branch of toil, and whether the flow on them is quasiperiodic, can be determined. The results are applied to "Brusselator" system of reaction diffusion equations.
Introduction. Consider a smooth vector field on R which has a singular point at the origin. Suppose that the linearized vector field at the origin has an eigenvalue zero and a pair of pure imaginary eigenvalues -i-/, 3,>0. The aim of this paper is to show that in a two parameter unfolding of this singularity satisfying explicitly computed nondegeneracy conditions, there are continuous curves, emanating as a tertiary bifurcation from a secondary curve of Hopf periodic orbits, along which one has invariant 2-tori carrying quasi-periodic flow. In particular, this shows that within a structurally stable situation one has an abundance of bifurcations that are the first part of a Landau sequence: trivial primary secondary branch tertiary branch of equilibrium--' branch of equilibria of Hopf orbits quasi-peilodic 2-tori.
Explicit exchange of stability results are established for each bifurcation. Because of the concrete nature of the formulas for the nondegeneracy conditions that are derived, the results can be applied to specific problems for specific choices of parameters. We work out these conditions for a reaction diffusion problem as an example. We expect that the method will also apply to certain plasma instability problems; see Crawford [1983] . We shall work within the class of C k vector fields with a zero at the origin. No other symmetry conditions are imposed. The eigenvalues are assumed to cross the imaginary axis "with nonzero speed" with respect t6 the unfolding parameters and some nondegeneracy conditions are imposed on the second and third order terms of the unfolding. These assumptions will imply that the trivial solution undergoes transcritical and Hopf bifurcations. Langford 1979] showed that the interaction between this steady state and Hopf bifurcation leads to invariant tori under some genetic-type assumptions. Although Langford's paper forms the basis for the present work, our approach is more in the spirt of singularity theory and the work of Holmes [1980] and Guckenheimer [1981] , [1982] in that it uses normal forms and the ideas of unfolding. Of course there are now many papers in bifurcation theory using this approach, such as Golubitsky and Schaeffer 1979], Schaeffer and Golubitsky 1981] and Golubitsky and Langford 1981] . Some partial results similar in spirt to ours have been given by Broer [1982] (see also 1056 JORGEN SCHEURLE AND JERROLD MARSDEN Broer 198 lb], Braaksma, and Broer 1981] , and Chow and Hale 1982] ). As we have mentioned, we impose no symmetry conditions, but also do not forbid them. In particular, we begin with a normal form somewhat more general than that considered by Guckenheimer 1981 Guckenheimer ], 1982 . To construct the bifurcating 2-tori, we use a theorem of Sacker [1965] . To locate the toil carrying quasi-periodic flow, we use KAM theory and methods of Scheurle [1982] . The results will be local, and will be robust against higher order perturbations, so we have a form of structural stability. (For global results, the work of Chenciner [1982] may be relevant.) Despite [1976] Hassard and Wan [1978] , and Hassard, Kazarinoff and Wan [1981 ] [1980] , and Guckenheimer [1980] ). However, as far as we know, only in some symmetric cases has it been shown that the flow on some of these tori is actually quasi-periodic. In particular, Guckenheimer [1980] assumes a type of axial symmetry and Broer [1981b] and Braaksma and Broer [1981] deal with divergence-free vector fields.
Although quasi-periodic motions are chaotic in some sense, one should also mention that even much more complicated dynamical behavior has been discovered in these problems. In the case considered in the present paper, Guckenheimer 1981 Guckenheimer ], 1982 showed that a genetic perturbation of a certain truncation of the system possesses transversal homoclinic orbits and hence horseshoes. He uses a geometric argument based on an argument of Silnikov. The precise hypotheses can be expected to be difficult to check in specific examples of perturbations. P. Holmes [1980] [1982] ). These results together with our result, however, strongly suggests the verifiable coexistence of both quasi-periodic motions and horseshoes, even for equal parameter values. We plan to address our attention to this question in a forthcoming paper.
The structure of the paper is as follows: In 1 we discuss the normal form of the unfolding and we prove that there is a curve in the parameter space along which one has Neimark-Sacker bifurcations. We construct the bifurcating invariant tori near this curve and show that they are asymptotically stable if they bifurcate to the right, and unstable, if they bifurcate to the left. In 2 we show that there are continuous curves in parameter space emanating from the critical curve, along which one has invariant tori BIFURCATION TO QUASI-PERIODIC TORI 1057 with quasi-periodic flow. Finally in {}3 we apply our theory to a model system of reaction diffusion equations, the so-called Brusselator. Although this is a system of partial differential equations, center manifold theory and the method of BirkhoffPoincar6 normal forms is used to reduce it to the normal form discussed before.
1. Bifurcation of periodic solutions into invariant 2-tori. We consider the following unfolding of a three-dimensional codimension-two singularity (cf. Guckenheimer 1981] , [19821) : [1981] , [1982] or Broer [1982] Here the Floquet exponents of the periodic solutions are purely imaginary. This gives rise to a tertiary bifurcation into invariant 2-tori (cf. Marsden and McCracken [1976] and Iooss [1979] In order to construct these tori one proceeds as follows (see Guckenheimer [1982] for details): Truncate the equations in (1.1) after terms of order 1-1. The truncated system is axisymmetric with respect to the z-axis and so the 0-equation decouples from the (r, z)-part, and corresponding to the periodic solutions discussed above for r:/: 0 are the zeros (with rq:0) of the vector field f--(fl,f2) given by (1.4) f(o,h,r,z)=(h-o)r+arz+... + (monomial of order 1-1), f2(o,h,r,z)=Az+bz2+cr2+ + (monomial of order 1-1).
Their "Floquet exponents" are given by the formula
Here Df is the Jacobian matrix of f with respect to r and z. Hence, for the reduced system, the neutral stability curve for these solutions determined by the condition Re# _+-0, is given by (1.6) f=0, trDf=0, assuming detDf>0. In order to solve (1.6), we introduce rescaled variables as follows:
( 1.7) and consider the corresponding rescaled (or "blown-up") vector field
(1.8)
Note that there is a reflectional symmetry in our problem which guarantees that for given h and o, solutions appear in pairs (0, +--r,z). Hence we can replace Iol by o in (1.7). For small I1, the implicit function theorem applies to yield a solution +o(o) (1.9) of (1.6). Moreover, the implicit function theorem applies to yield the periodic orbits (1.10) e--ro(o,X), e--z0(o,X ) of f for parameter values near the curve given by (1.9). Their Floquet exponents 
This formula is obtained by straightforward calculations as outlined above. We also have A(0,0)=0. This is a consequence of the fact that the vector field in (1.8) is
Hamiltonian and integrable for o-0 and X-X0(0) (see Fig. 2 , Guekenheimer [1982] and Langford [1982] ). We shall make the following hypothesis:
For given values of a,b,c, and h, this is a nondegeneracy assumption for the third order terms in (1.1). Formula Ipl<l, where the integer n>_m will be chosen later.
After making the above substitutions of variables in (1.1) (the 0-variable is left unchanged so far), we end up with a system of the following type" Moreover, the existence domain of the tori in the (,, o)-plane is only estimated very roughly. It cannot be expected in general that the tori reach the curve h-oh0(o), i.e. /$-0, for this curve is only an approximate neutral stability curve for the periodic solutions of (1.1). However, we still aim to show that the tori actually emanate along curves from the exact neutral stability curve 4-To prove this, one has to localize the vector field around the exact periodic solutions of (1.1) rather than around approximate solutions as in (1.12). Moreover, the complete 2-jet of the localized vector field has to be taken into consideration for the construction of a zeroth approximation of the toil. To this end, one has to transform away all nonresonant terms of the 2-jet. In fact, there is an almost identical transformations of the variables A, R, Z, 0 of the form ( [1979] . However, his condition is rather implicit, and it seems to be hard to check it in applications. Remark 1.5. In many formulations for the bifurcation to tori, a nonresonance condition up to order four is needed. This does not occur here since the characteristic exponents of the periodic solutions tend to zero as o-0 while their period tends to 3,>0.
.Thee xistence ot bifurcating tori with quasi-lmriodic/low. It is well known (cf.
Iooss [1979] ), that the flow on a bifurcating 2-torus is qualitatively described by Poincar6's rotation number p. If p is rational, then the flow is periodic and otherwise it is quasi-periodic, so ergodic. Also it is known that there is a set of parameter values of positive Lebesgue measure for which the flow is ergodic, provided that p varies effectively with a parameter. The measure of this set tends to when the corresponding family of flows approaches a family of parallel flows (see Arnol'd [1965] and Herman 1977]). The purpose of this section is to show that this actually happens in the present situation for genetic paths through the (X, o)-plane close to the origin. In particular we shall see that there are specific continuous curves emanating from C4 along which all the toil are quasi-periodic. In between these curves one expects the phenomenon of phase locking to occur which means that p takes constant rational values in open regions of the parameter space (see Arnol'd [1965] Moser [1966] and HSrmander [1977] Let rl *l(e) denote the right-hand side of the inequality in (2.8), and set too (0, ,). Then, with respect to to, the right-hand sides of the equations in (2.13) define a continuous map from the ball B(to0) with center too and radius r/, into R 2. This map depends continuously on A. In order to make sure that it maps Bn(to0) into itself, we require (2.14)
where the constant stems from (2.11). Here a difficulty arises. Namely, it is not clear whether or not there are elements too in I satisfying (2.14). But a measure-theoretical result helps. It is "well known" (see Siegel and Moser [1971] and Rtissmann [1979] (2.18) to=to (A) of (2.13) which depends continuously on A (see Chow, Mallet-Paret and York [1978] ).
In fact, the relative measure of the set B,_z,q(to0)O I in this ball tends to as e 0. [1982] , which combines the construction of the torus, with that of the flow on it and thus avoids a separate reduction step as in Theorem 1.1 (el. also Bogoliubov, Mitropolskii and Samoilenko [1976] ). In general, even C-smoothness is lost by such a reduction process (see Sacker [1965] ). This is a generalized Hopf condition due to Langford [1979] . Then, introducing a and a-fl as new parameters, (2.25) can be transformed to a system of form (1.1). Of course, the coefficients a,b,c,..., and , will depend on the parameters in general.
However, our theory still applies to this situation, if in (HI), (1.2), (1.3), (1.9), (1.11) and (1.14) the values of the coefficients at o = 0, h = 0 are inserted.
3. The Brusselator. We apply our theory to a model system of reaction diffusion equations, namely to the so-called Brusselator. Although this system originally consists of partial differential equations, there are parameter values where the solutions we are interested in, lie in a three-dimensional, locally invariant center manifold, and the restriction to this submanifold has a singularity of the type discussed in the previous sections. In particular, the generalized Hopf condition (2.26) is fulfilled, so that (1.1) is a reasonable unfolding. This example has been studied in detail by Guckenheimer 1982] (see also Keener 1976] In particular, L generates a holomorphic semi-group e Lt in C.
Guckenheimer [1982] 
